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ABSTRACT. Discussion of a problem i n  the  theory of 
b r i t t l e - f r a c t u r e  cracks, where an e l a s t i c  body ( i n f i n i t e  
plane) i s  weakened by an i n i t i a l l y  wide crack. An analysis  
of t he  two-dimensional problem i n  t h e  theory of e l a s t i c i t y  
f o r  an i n f i n i t e  plane containing an inc i s ion  of a r b i t r a r y  
shape, with one symmetry axis and one o r  two cuspidal  po in ts  
a t  t he  contour, i s  reduced t o  t h e  so lu t ion  of two systems 
of l i n e a r  a lgebraic  equations. It i s  shown t h a t  t he  width 
of t h e  i n i t i a l  crack has only a s l i g h t  e f f e c t  on the  value 
of the  c r i t i c a l  load required t o  i n i t i a t e  t he  development 
of a crack. This i s  seen t o  ind ica te  t h a t  t h e  representat ion 
of a crack as  a cut  of ze ro  width i s  j u s t i f i e d  even f o r  r a the r  
wide cracks. 

The problem of t h e  theory of cracks associated with b r i t t l e  f r ac tu re  i s  

The inves t iga t ion  of t h e  two-dimensional problem of 

/63* 
considered f o r  t he  case when the  e l a s t i c  body ( i n f i n i t e  plane) i s  weakened by 
an i n i t i a l l y  extended crack. 
t h e  theory of e l a s t i c i t y  f o r  an i n f i n i t e  plane weakened by an a r b i t r a r y  notch 
with one axis of symmetry, with one o r  two cuspidal po in ts  a t  the  contour, 
subjected t o  tension " a t  i n f i n i t y "  i s  reduced t o  t h e  so lu t ion  of two simple 
systems of l i n e a r  a lgebraic  equations. 

Two simple examples a re  invest igated i n  d e t a i l  following t h e  procedures 
i n  r e f .  1, 5-8. It i s  shown t h a t  t he  extension of t he  crack has an in s ign i f -  
i can t  e f f e c t  on the value of the  c r i t i c a l  load which i s  necessary t o  s t a r t  t he  
development of t he  crack. This makes it poss ib le  t o  conclude t h a t  t he  repre- 
sen ta t ion  of the  crack i n  t h e  form of a notch with zero thickness i s  e n t i r e l y  
j u s t i f i e d  even f o r  s u f f i c i e n t l y  extended cracks. 

Sect ion 1. Let us consider t he  two-dimensional problem of the  theory of 
e l a s t i c i t y  f o r  an i n f i n i t e  plane xOy weakened by a notch 

where R, c a re  r e a l  parameters, k=l, 2 i s  the  number o f  cuspidal points  a t  n 

the  contour; - 2 ~ .  

The contour (1.1) has one (k=l) o r  two (k=2) cuspidal po in ts  a t  t he  x ax is  
7 

Numbers i n  the margin ind ica te  pagination i n  the  o r i g i n a l  fore ign  t e x t .  
1 

We have i n  mind cracks i n  which t h e  i n i t i a l  d i s tance  between opposite borders 
may achieve a s u b s t a n t i a l  value. 1 
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when a t e n s i l e  force p ac t s  a t  i n f in i ty ,  a t  an angle cy with respect  t o  the  x 
axis ( s e e  f i g u r e ) .  

Pt t&  
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The bcur,dary conditions ( r e f .  4) i n  t h i s  
case have the form 

The funct ion w( 5) transforms the region o u t s i l e  t he  contour (1.1) i n t o  the  re -  
gion ins ide  a u n i t  c i r c l e  i n  the  plane 5 and has the form 

/ N \ 

Where t h e  coe f f i c i en t s  c s a t i s f y  condition ( r e f .  2)  
fl 

where Q 

a u n i t  c i r c l e  i n  the plane 5. 

i s  a polynomial i n  negative powers of 5, a l l  of whose roots  l i e  i n s ide  /64 N 

A s  i n  r e f s .  2, 3, we assume t h a t  the funct ion 45) has no s i n g u l a r i t i e s  due 
t o  t h e  cuspidal  points ,  while t h e  function $ ( 5 )  has s i n g u l a r i t i e s  i n  the  form 
of simple poles a t  the  points  of u n i t  circumference y, corresponding t o  t h e  
cuspidal  po in ts  a t  the contour (1.1). 

Let us represent  cp( 5) by means of t he  following re la t ionship :  

where an = a,, + is,,. I 

Following r e f .  4, we wr i te  t h e  function $( 5)  i n  the  'following form: 

m 
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We rewri te  the  second boundary condition f r o m  re la t ionships  ( 1 . 2 )  i n  t he  
form 

- 0’ (0) I# (0) = 0’ (0) ij (i) + 0 (L) cp’ (a). 
0 

Comparing the  coef f ic ien ts  i n  f r o n t  of t he  same powers of a i n  t h e  expansions 
of both s ides  of (1 .7)  we obtain two systems of l i n e a r  a lgebraic  equations 

I n  the  f i r s t  and second systems when k=l and k=2 we have, respectively,  

0, p + 2; 

- cos 2a, p = 2; -sin2a, p = 2; 

I 

Multiplying both s ides  of (1 .7)  by 

obta in  the  funct ion $ ( c )  i n  closed form 

1 1 1  and in t eg ra t ing  over y we 

/ 1 \  . ( 1.10) 

Section 2 .  A s  an example we consider two simple contours with one o r  two /65 
cuspidal po in ts  whose equations f o r  k = l  and k=2 can be expressed i n  a parametric 
form as follows : 

(2-b)coscp 
(2 .2 )  

3 



where 06M1. 

Equations (2 .1 )  and ( 2.2) represent t h e  contours of t he  expanded cracks 
shown i n  the  f igure .  
of t he  notches (2 .1)  and ( 2 . 2 ) ,  f r o m  0 t o  un i ty  we obtain a recti l inear notch 
f o r  b=O which gradually expands as  b i s  increased and when b = l  t he  contour (2 .1)  
transforms i n t o  a hypocycloid with 3 cuspidal po in ts  while t h e  contour (2 .2)  
transforms i n t o  an as t ro id .  

By varying t h e  parameter b, which character izes  the  form 

. 
The functions which produce a conformal transformation of t h e  regions ex- 

t e r i o r  t o  contours (2.1)  and ( 2 . 2 )  i n t o  the  i n t e r i o r  of a u n i t  c i r c l e  a re  
wr i t t en  i n  the  form 

Solving systems (1.8) and (1.9) for t h e  considered cases we f i n d  express- 

ions f o r  t he  function O(5) = - 

p (9-66')54-Dc2+ b(9-6') 
4 0 (5)  = - , (k = 2). (9 - b') (cz - 1) (5' + 6)  

Here 
D =: 6 (3 + 6) cos 2a + 6i (3 - 6) sin 212 - (1 - 6) (3 + b)'. 

__ -- -- 

Sect ion 3 .  It follows f rom references 5 and 7 t h a t  t he  p r inc ipa l  p a r t  
of t h e  s t r e s s  tensor  components i n  the  neighborhood of  the  cuspidal points  for 
t he  considered contours may be represented i n  the  form 

- -  
0, = ~ 1 [k l  ( 5 ~ 0 s -  B - 

4 v/27 2 

q = - 1 [ k 1 ( 3 c o s - +  B 
4 viz 2 

/ 
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. 
Here r, a re  polar  coordinates; kl, k a re  the  s t r e s s  i n t e n s i t y  coef f ic ien ts  /66 2 

which a re  determined from the  re la t ionship  (.ref. 6) 

(3.2) 

where 5 ,  assumes the following form for  contours ( 2 . 1 )  and (2 .2 )  

Subs t i tu t ing  the  functions (2 .5 )  and (2.6)  i n t o  (3 .2)  and taking i n t o  
account expression (3.3) and (3.4) we obtain the  coef f ic ien ts  of s t r e s s  i n t e n s i t y  
f o r  t h e  extended cracks ( 2.1) and (2 .2)  

(3 -b2)  - 3  COS^^ '\ 

(3 .6)  k1= P 3 - b  f 2  (1: b) , kz = 

I n  t h e  l imi t ing  cases when b=O ( r e c t i l i n e a r  notch) and b = l  (hypocycloid) 
we f i n d  kl and k2 from equations (3.5) and (3.6) which coincides with t h e  re -  

sults obtained e a r l i e r  i n  ( r e f .  5-8). 
assume t h a t  the  i n i t i a l  propagation of cracks takes place from the  apex of t he  
crack along a l ine ,  i n  which the  normal t e n s i l e  s t r e s ses  reach a maximum per- 
m i s s  i b l e  value. 

Following references 5 and 8 we s h a l l  

5 



The value of t he  c r i t i c a l  load p=p which i s  necessary f o r  t h e  crack t o  c r  

go i n t o  a s t a t e  of mobile equilibrium 
( r e f s .  5, 6) 

i s  obtained from the  re la t ionships  

(3.7) 

where K i s  the  coupling modulus ( r e f .  1) ; @* 
i n i t i a l  d i r ec t ion  of crack propagation. 

i s  t h e  angle which determines the  

B y  using the  approach analogous t o  t h a t  of reference 5 we obtain the follow- 
ing expression from (3.11, (3.7),  (3.8) 

/67 When O<<aarr/2 it follows from condition (3.8) t h a t  

6n2 + 1 - v8n2 + 1 
2 (9n2 i- 1) p, = - 2 arcsin * 

where n=k2/kl. 

We can see from equation (3.10) t h a t  f o r  an extended crack (2 .1 )  t he  angle 
f& does not  depend on the  parameter b and w i l l  be exact ly  the  same as i n  t h e  
case when t h e  crack has t h e  form of a r e c t i l i n e a r  notch. 

Let us determine t h e  c r i t i c a l  load p=p fo r  the  case when the  t e n s i l e  forces  c r  

a r e  d i r ec t ed  along t he  y axis .  

I n  t h i s  case it follows from expression (3.10) B,,=O and from (3.9)  we f i n d  

* .  From re la t ionships  (3.5), ( 3 . 6 ) ,  (3.11) we f i n d  

6 
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where L i s  t h e  half- length o f  t h e  crack ( s e e  f i g u r e ) ;  and when k=l,  L=R(2-b); 
when k=2L=2/3R( 3-b) . 

It follows from equations (3.12)  and (3.13) t h a t  as  t he  crack extends, 
i . e .  as t h e  parameter b increases  i n  value from 0 t o  unity, t h e  value of the  
c r i t i c a l  load decreases ins igni f  an t ly  compared with G r i f f i t h s '  load. 

The maximum decrease i n  p does not  exceed 14  percent f o r  cracks with c r  

contour (2.1) and 8 percent f o r  cracks with cnntour (2 .2 ) .  
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